Abstract. In this paper several statistical methods are developed that are of use in morphometric cytology, for the purpose of obtaining three-dimensional information from two-dimensional measurements made on cell sections. An estimator is described for counting Nv, the number of organelles (e.g., mitochondria) per unit of cellular volume. Unlike those currently employed, this estimator for Nv does not depend on the sizes of the organelle bodies. The remainder of the paper discusses the axis ratios, t, of elliptical cross sections that are the intersections of an ellipsoid with random planes. For prolate spheroids, an explicit formula is developed for the probability density. For gen.eral ellipsoids, a numerical method is presented for calculating the distribution function. As one approach toward deriving information about organelle shape, frequency distributions of derived by these techniques may be compared with experimental frequency distributions of the axis ratios of organelle cross sections.
1. Introduction. In studying the organization and dynamics of the various organelles within the cell (for example, mitochondria), cell biologists often employ a morphometric analysis of random sections through the structures of interest. The biological interpretation of the results is greatly facilitated if three-dimensional information can be derived from the two-dimensional measurements.
One particularly important three-dimensional parameter is Nv, the number of organelle bodies per unit of cellular volume. Currently used estimators for Nv depend on a knowledge of the sizes of the bodies. For example, the estimator of Weibel and Gomez [10] and Knight et al. [6] [4] . 7 . Axis-ratios tor prolate spheroids. A prolate spheroid is an ellipsoid of revolution with one long axis and two equal shorter axes. Suppose a prolate spheroid is cut by a random plane. An ellipse is cut out; it has some axis-ratio => 1.
We will find the probability density p(t) for the random variable t.
If the coordinates Xl, x2, x3 are chosen along the principal axes, the spheroid has an equation (7.1) x/a + x/a + x]/a] 1 with a a2 < a3. Let T a3/a 1. In the notation of (5.2), if a ae 1 and a3 T, This is the half-width of the spheroid in the direction u. The probability of cutting a section normal to u is directly proportional to H(u). The axis-ratio, t, of the elliptical section is a function of the angle 0. Analytic geometry gives So the random variable t is a function of the random variable 0, and we can find the probability density p(t) if we can find the corresponding density q(O).
Let a random plane have unit normal u. Then u comes from a uniform distribution on the unit sphere; and the polar angle 0 on the unit sphere lies in the interval dO with probability 1 / 2 sin 0 dO. Now suppose we know that the plane has normal u; then the plane cuts the spheroid with conditional probability proportional to the half-width H(u). So the density q(0) is proportional to sin 0 times H(u): q (0) c (sin 0)H(u). From (7.2), we find We find the constant c by setting q(O)dO 1. Then, if we set z =cos 0 for 0 <_-0 -_< rr/2, we get
Now we can get p(t). As 0 increases from 0 to 7r/2, decreases from T to 1; as 0 increases from 7r/2 to 7r, increases from 1 to Tmnamely, t(0)= t(r-O).
Therefore, (7.6) p(t) dt 2q(O) dO for 0_-< 0 _-< 7r/2 (the factor 2 appears because corresponds to 0 and to 7r-0). We compute from (7. To get this as a function of t, we have to use (7.3) . Algebraic substitution gives the final form:
where k is the constant
Axis-ratios for general ellipsoids. Suppose we have an ellipsoid with three different axes. We cut it with a random plane. An ellipse is cut out, and it has some axis-ratio ->_ 1. What & the probability density of the random variable t?
For prolate spheroids, the density p(t) appears in (7.7). For general ellipsoids we do not have an explicit formula for p(t), but we will get an integral representa-tion for the distribution function P(t). Then we will derive a numerical methodfor calculating P(t) and its derivative, p(t).
Suppose the ellipsoid has the equation (1 <-t <-T) P(a) is the probability that t-< a; for example, P(1) Pr (t_-< 1) 0, P(T) Pr (t_-< T) 1 (8.14) . , H(ui But that is the left-hand side of (8.7), so u lies in U(a).
Numerical calculation ot p(t). If we want a graph of the probability density p(t), we can find it by taking difference-quotients of the distribution function P(a)" Let 1 =a0<a <.. "<an/ (1/,3) 1/z. Then the average value of p(t) in the interval aj_,< < aj is the difference-quotient P(ai)-P(ai-1)
ai aiThis is the centered-difference approximation to p(t) at the midpoint t= (ai-1 + a.).
